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CHAPTER 1

FUNCTIONAL REASONING AND GRAPH COMPREHENSION
IN SCHOOL MATHEMATICS

The research problem of this study was twofold: (a) to
identify high school students' and preservice teachers'
levels and patterns of achievement in reading, construct-
ing, and interpreting Cartesian graphs and in analyzing the
underlying functional relationships; and (b) to describe
some of their reasoning strategies and conceptual diffi-
culties,

This chapter outlines the educational significance of
the investigation., It surveys the importance ascribed to
functional reasoning and graph comprehension by mathematics

educators and contrasts them with students' attainments.

Functional Reasoning and Graph Comprehension

as Educational Objectives

The concept of function was developed to express in
mathematical terms the idea of dependence (Caraga, 1958;
Shuard & Neil, 1977) and quickly became a fundamental

concept of mathematics. Infinitesimal analysis, one of the



2
most successful branches of mathematics, is based on this
concept, which is also an instrument of prime importance in
the natural, social, and behavioral sciences as well as in
engineering. The increasingly widespread presence of the
computer in so many domains of modern life and its avail-
ability in schools has strengthened the importance of this
concept (Fey, 1984),

EBarly in the 1900s Klein (1908/1945) argued that the
notion of a numerical function "should permeate. . . . the
entire mathematical instruction in the higher schools" (p.
205) . And indeed, the concept of numerical function is in
many countries at the heart of the high school mathematics
program. In the United States it plays an important role in
the traditional Algebra I, Algebra I1I, and Trigonometry
courses, and recent proposals for curriculum change have
recommended that the function concept form the basis of the
high school curriculum (College Board, 1983; Fey, 1984).

Cartesian graphs are closely related to numerical
functions. In fact, a numerical function has one form of
representation in a Cartesian graph, Many méthemafical
properties of functions are so well described by their
graphs that the study of a function--determining inter-
vals where it is increasing, decreasing, or constant;
determining zeros, discontinuities, and asymptotes;
searching for symmetry and periodic properties; etc.--is
usually undertaken with reference to a sketch of its

geometric representation.
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Cartesian graphs are useful in communicating informa-
tion but are also powerful analytical tools that can be
employed to study complex phenomena (Elkins & Wockenfuss,
1972; French, 1982; Janvier, 1978; Shilov, 1978). From them
it is possible to derive qualitative information and to
draw inferences about relationships among variables as well
as specific quantitative data.

The wide use of graphs in mathematics instruction may
also play a positive role in the development and reinforce-
ment of many mathematical concepts (Christopher, 1982;
Hamley, 1934; Sullivan & O'Neil, 1980)., A mastery of the
"language of graphs™” is an important basis for the study of
further mathematics,

A wide consensus seems to exist that the understanding
and appropriate use of information conveyed in graphical
form is an important objective for mathematics education
(Conference Board of the Mathematical Sciences, 1982;
Gallagher, 1979; Hill, 1980; National Council of Super-
visors of Mathematics, 1978; National Council of Teachers
of Mathematics, 1980; National Institﬁte of Educafion,
1975; National Science Commission on Precollege Education
in Mathematics, Science and Technology, 1983; Shuard &
Neil, 1978).

Applying the concept of function in more than trivial
ways and reading, constructing, and interpreting graphs
should be regular activities in middle and high school

mathematics instruction. They should relate and support



the development of other mathematical topics. But these
activities rarely have been coherently addressed in school
programs (Bell & Janvier, 1981; Janvier, 1978; McKenzie &

Padilla, 1983; Saltinski, 1983; Slaughter, 1983).

Students' Difficulties in Functional Reasoning

and Graph Comprehension

Students are usually able to do some elementary
graphing tasks well, like finding maximum or minimum values
or plotting points given their Cartesian coordinates
(Bamberger, 1942; Bestgen, 1980; Carpenter, Lindquist,
Mathews, & Silver, 1983; Lindquist, Carpenter, Silver, &
Mathews, 1983; McKenzie, 1984; Riggs, 1967; Shaw, Padilla,
& McKenzie, 1983; Strickland, 1938; Thorp, 1933). Students
can also easily develop a reasonable proficiency in han-
dling routine exercises involving numerical functions
(Dreyfus & Eisenberg, 1982; Goldberg, 1962/1975; Smith,
1973; Thomas, 1971, 1975). These tasks have a procedural
nature in that precise ditéctions can be established to
execute them correctly.

But students' performance on more complex tasks tends
to be very unsatisfactory. Students have great difficulty
in relating the Cartesian representation of simple lines
and curves to the corresponding algebraic equations as well
as in interpreting the qualitative information implicit in

the graphs (Barr, 1980, 1981; Bestgen, 1980; Carpenter,
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Corbitt, Kepner, Lindguist, & Reyes, 1981; Kerslake, 1977,
1981; shaw, Padilla, & McKenzie, 1983; Wagner, Rachlin, &
Jensen, 1984) or in using all the relevant information
given to discuss the features of functional relationships
(Janvier, 1978; Karplus, 1979; Markovits, Eylon, &
Bruckheimer, 1983), Many students seem not to havg devel-
oped an adequate understanding of what Cartesian graphs
are, how they represent relationships between variables,
and what information can be derived from them. Even at the
college level, students sometimes experience difficulties
in graph interpretation (Konshak & Monk, 1976; Vernon,
1950).

This situation is hardly surprising if one recognizes
that the interpretation of graphs and the application of
the concept of function to real situations and natural phe-
nomena are usually neglected in mathematics classes. Like
most modeling activities, these complex tasks do not admit
simple well-defined procedural methods for their solution.
Instead, to be worked out successfully, they require a
global understandiﬁg of the underlying situation and the
use of a variety of intuitions and background knowledge.

Students' learning experiences in functional reasoning
and in interpreting graphs constitute an important area of
research in mathematics education. The positive results
obtained in teaching elementary and middle school children
the fundamental principles involved in reading and con-

structing simple graphs and in handling instrumentally
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numerical functions sharply contrast with the profound gif-
ficulties experienced by high school and college students
in solving more complex problems involving graph interpre-
tation and functional reasoning. Mathematics educators need
to identify what may constitute successful learning expe-
riences to deal with the interpretation of complex graphs.
This research was carried out in the belief that further
investigations were needed on students' abilities, concep-

tions, processes, and difficulties in this topic.



CHAPTER 2
THEORETICAL FOUNDATIONS

This chapter presents a view of mathematical thinking
processes that was developed to constitute the general
theoretical background of the study and reviews and
discusses closely related theories about thinking,
understanding, imagery, and intuition. The chapter also
describes the framework developed to study functional

reasoning and graph comprehension.

Mathematical Thinking Processes

Céncepts and conceptual structures may be processed
through step-by-step mental operations or in a more inte-
grated manner. Mental operations may be of various types,
This section describes several aspects of conceptual opera-~
tions and asserts the existence of three fundamental kinds
of reasoning processes in mathematics.

Operations and conceptual structyres, Some conceptual
operations are analogous to mathematical operations, where-
as others have no direct counterpart in mathematics., For

example, relational operations include establishing

7
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conceptual structures are strong and using them may be just
a routine process,

Mathematical reasoning processes. It is possible to
distinguish three fundamental kinds of reasoning in mathe-
matics. They may coexist and interrelate in many problems,
but nevertheless their role is almost always identifiable,
Each kind of reagoning fulfills a different purpose and may
be most appropriate for a specific kind of task, They are:

1. Logical-deductive reasoning, It is used in deduc-
tion and consists mainly of arguments of the "if-then"
form; it depends on propositions previously accepted and on
the exploration of consequences of definitions. Its steps
are well defined, and the concepts manipulated are usually
fairly abstract. Logical-deductive reasoning is fundamental
in the process of validating and organizing mathematical
knowledge and was the main focus of Piaget's (1972;
Inhelder & Piaget, 1955/1958) investigations.

2, Algorithmic reasoning. It consists of sequences of
well-defined steps and is used to solve a whole class of
similar problems. In each step a single, well-defined oper-
ation is made, usually manipulating fairly concrete con-
cepts, Algorithmic reasoning is very powerful in solving
routine problems, although the number of necessary steps
may be very large. This form of reasoning has been brought
to prominence by the development of computer science

(Knuth, 1974).
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global-visual nature, whereas others are mainly analytical-
verbal (Skemp, 1971). Global~visual symbols range from
simple pictures of objects to complex representations in
maps and diagrams. Their apprehension and interpretation is
fundamentally a holistic process. Analytical-verbal symbols
include the spoken and written words of common speech and
the most common algebraic symbols. This kind of symbolism
is processed in a sequential way (Paivio, 1971).

These two kinds of symbols correspond to two modes of
thinking., The operations most used in global-visual rea-
soning are association, substitution, and geometrical
operations. Analytical-verbal thinking makes wider use of
logical, relational, and arithmetical operations.

Graph reading and graph interpretation share common
features as visvally-based tasks. But for successful han-
dling they demand different reasoning processes, Graph
reading can be processed in a procedural manner, that is,
it is possible to set forth a set of directions that apply
to whole classes of problems. Graph interpretation has a
more open-ended nature. It requires the creative involve-
ment of a large number of conceptual structures concerning
the situations represented. Graph interpretation has to be
processed with the intervention of intuitive reasoning.

The procedural perspective of mathematics held by so
many students may partially explain why they tend to do

relatively well in the simpler graph reading tasks but find
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preoperational, concrete operations, and formal operations.
The factors explaining the development are maturation,
experience, social transmission, and equilibration.

Piaget distinguished two kinds of experience, Physical
experience consists of action upon objects and leads by
abstraction to inferences about the objects, Logical-
mathematical experience leads to the drawing of knowledge
not from the objects themselves but from actions performed
with the objects. This knowledge concerns properties of
actions on the objects and not properties of the objects
themselves. For Piaget (1964a) mathematical deduction be-
gins with logical-mathematical experience and its suitable
combination with symbolization,

Piaget (1964b) claimed that there is a close corre-
spondence between the mathematical structures identified by
the Bourbaki school and the psychological structures of
human intelligence, Piaget studied the psychological struc-
tures by formalizing the operations used by children and
concluded that they were analogous to but much simpler than
the mathematical structures,

The notion of operation played an important role in
this study, but it was used in a broader sense than that of
Piaget. Some psychological operations were regarded as ana-
logues of mathematical operations, but others with no clear

mathematical counterpart were considered as well.
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to self-perpetuation becomes an obstacle to adaptation.
This resistance may be very strong, especially where the
scheme plays a vital role for the individual.

Mathematical concepts neither exist nor can be learned
in isolation from each other. The notion of conceptual
structure is therefore of great importance in modeling
mathematical learning. It played a major role in this

study.

Imagery

Skemp (1971) referred to two kinds of thinking, based
on two different systems of symbolic representation.
Discursive-verbal thinking focuses attention on only one
part of a scheme at a time. This kind of thinking is
especially suited for analytical tasks. Global-visual
thinking“is holistic and concerns the ways in which parts
relate to each other and to the whole., Global-visual
thinking is especially suited for synthetic enterprises,
Skemp suggested a complementary role for these two forms of
language systems, indicating, however, that the socialized
character of our knowledge and our difficulty in external-
izing images may have caused an imbalance in the develop-
ment of our ability to use these two modes of thinking.

In studying the role of visual imagery Piaget and
Inhelder (1971) concluded that images were subordinated to

operations. But they indicated that images constituted a
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The distinction between discursive-verbal and
global-visual thinking played an important role in this
study as it assessed how successful students were in using
both kinds of reasoning in graph-related tasks, Images were
regarded as representing concepts, on equal grounds with
other symbols, and so also as subject to manipulation

through operations,
Intuition

According to Fischbein (1979, 1982) our intelligence
works by interrelating two modes of operating: the intui-
tive and the logical-analytical. At the intuitive level we
think in a global, partly conscious and partly unconscious
fashion. We do not attempt to make explicit all the con-
cepts and schemes that we are using. Instead, in solving a
problem, for example, we put all our capabilities to work,
hoping that the desired connections of ideas will result.
Intuition is a global and compact form of knowledge with a
unique guality of self-evidence that results from. our ap-
prehension of the structure of a given situation.

In Fischbein's view the essential feature of logical-
analytical thinking is its explicitness. Logical-analytical
thinking proceeds at the conscious level using refined sym-
bolic media and can easily be communicated. It has, howev-
er, two essential shortcomings: it proceeds slowly, and it
is not oriented towards action. Also, logical-analytical

thinking develops relatively late in human beings.
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be achieved by combining two components, the logical form
of necessity that is characteristic of mathematical proof
and the internal structural form of necessity that is
characteristic of intuitive acceptance.

In school the process of refining and correcting one's
intuitions is usually disregarded or driven in a haphazard
manner, Fischbein (1973) pointed out that intuitions are
not developed by blind drill and practice nor by explana-
tions or short learning exercises. He claimed that they
"can be elaborated only in the frame of practical situa-
tions as a result of the personal involvement of the learn-
er in solving genuine problems raised by these practical
situations” (1982, p. 12). An important element of this
process, according to Fischbein, is the reassessment by
students of the elements of their primitive experience in
the l1ight of the framework provided by a rigorous mathe-
matical dnterpretation.

Fischbein asserted that teaching may relate to the
students' initial intuitions in one of three ways: (a) it
may be in accordance with them, in which case there is
immediate acceptance and reinforcement; (b) it may be in
sharp opposition to the students' intuitions, in which case
it will be rejected or ignored; (c) it may be in some sense
“neutral,” neither opposing nor favoring previous intui-
tions, In this last case the intuitions have to be devel-
oped and transformed into acquired knowledge or else they

will remain precarious and ineffective. The case of total
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a well-defined way on the value taken by another variable.
Graph comprehension refers to a wide spectrum of processes,
including constructing graphs and obtaining quantitative
and qualitative information from graphs,

The framework through which students' ability to per-
form tasks in functional reasoning and graph comprehension
was analysed has three aspects: (a) graph reading, (b)
graph construction, and (c) graph interpretation, Each of
these aspects is discussed in detail below.

Graph readina. Graph reading corresponds essentially
to the understanding and use of the basic conventions and
principles of the Cartesian representation. The focus is on
the coordinates of single points, Graph reading involves
for the most part procedural tasks, that is, tasks in which
students can be instructed to follow a sequence of steps
that, if carried out correctly, leads to the desired goal.
The graphs may be abstract or they may represent real-life
sitvations. Specifically, graph reading refers to tasks
that may involve identifying the coordinates of points,
indicating the value of a function corresponding ?9 a given
value of the abscissa, indicating the abscissa correspond-
ing to a given value of a function, identifying the co-
ordinates of points where the graphs of two functions
intersect, and comparing the values of a function for
distinct given abscissas.

Graph construction, Graph construction refers to a
wide range of tasks such as identifying the variables
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problems. It may require an extensive use of intuitive
reasoning, It constitutes the most complex and for the
students the most difficult aspect of graph comprehension,
Interpretation of variation in variation involves notions
related to rates of change, such as fast and slow change,
linear and nonlinear change, continuous and discontinuous
change, smooth and nonsmooth change. Tasks addressing this
aspect of graph interpretation may include comparing rates
of change, identifying graphs representing complex patterns
of variation, describing features of a situation repre-
sented by nonlinear graphs, and using curvilinear inter-
polation and extrapolation.

These three aspects of graph comprehension--graph
reading, graph construction, and graph interpretation--are
certainly interrelated as components of graphing ability,
but they are viewed in this framework as relatively inde-
pendent processes. Graph reading may be carried out with
little reference to the situational context, whereas graph
construction requires the student to work from a situation
to a graph-and graph interpretation requires the student to
relate features of the graph to features of the situation,
The interpretation of variation is ordinarily processed
using concepts closely related to the situation, whereas
the interpretation of variation in variation is thought of

as being processed using more abstract and elaborated

concepts.
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Table 4

Raw Score Means and standard Deviations (in Parentheses)
on the Subtests by Each Group

Graph variation variation
Reading in variation

(10 items) (13 items) (4 items)

Eleventh Graders

Nonalgebra 7.3 6.9 1.6
n=176 (1.7) (2.8) (1.1)
Algebra 8.7 10,0 2.4
n =103 (1.2) (2.3) (1.1)

Preservice Teachers

Elementary 8.4 10.4 2.1
n = 52 (1.5) (2.0) (.9)
Secondary 9,1 11.7 2.4

n=31 (.9) (1.4) (1.0)
























































































































































































































