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CHAPTER 1 

FUNCTIONAL REASONING AND GRAPH COMPREHENSION 

I N  SCHOOL MATHEMATICS 

The research problem of t h i s  study was twofold: ( a )  t o  

iden t i fy  high school s tudents1 and preservice teachers '  

l eve l s  and pa t te rns  of achievement i n  reading, construct- 

ing, and in te rpre t ing  Cartesian graphs and i n  analyzing the  

underlying funct ional  re la t ionsh ips ;  and (b) t o  descr ibe 

some of t he i r  reasoning s t r a t e g i e s  and conceptual d i f f i -  

cu l t i e s .  

This chapter ou t l ines  t h e  educational s ignif icance of 

the  inves t i  gation. I t  surveys t he  importance ascr ibed t o  

funct ional  reasoning and graph comprehension by mathematics 

educators and con t r a s t s  them with s tudents1 attainments.  

Functional Reasoning and Graph Comprehension 

a s  Educational Objectives 

The concept of funct ion was developed t o  express i n  

mathematical terms t h e  idea of dependence (Carats, 1958t 

Shuard 6 Neil, 1977) and quickly became a fundamental 

concept of mathematics. In f in i tes imal  analysis ,  one of the 



2 

most successful branches of mathematics, i s  based on t h i s  

concept, which i s  a l so  an instrument of prime importance i n  

t he  natural ,  soc i a l ,  and behavioral sciences as  well as in  

engineering. The increasingly widespread presence of the 

computer i n  so many domains of modern l i f e  and i t s  ava i l -  

a b i l i t y  in  schools has strengthened the  importance of t h i s  

. concept (Fey, 1984). 

Early in  the  1900s Klein (1908/1945) argued t h a t  the 

notion of a numerical function "should permeate. . . . the 

e n t i r e  mathematical ins t ruc t ion  i n  the  higher schoolsn (p. 

2 0 5 ) .  And indeed, the concept of numerical function is  in  

many countr ies  a t  the  hear t  of the high school mathematics 

program. In t he  United S t a t e s  it plays an important r o l e  i n  

t he  t r ad i t i ona l  Algebra I ,  Algebra 11, and Trigonometry 

courses, and recent  proposals f o r  curriculum change have 

recommended t h a t  t he  funct ion concept form the bas i s  of the 

high school curriculum (College Board, 1983; Fey, 1984). 

Cartesian graphs a r e  closely re la ted  t o  numerical 

functions. In f a c t ,  a numerical function has one form of . 
representat ion i n  a Cartesian graph. Many mathematical 

p roper t ies  of funct ions a r e  so  well described by t h e i r  

graphs t h a t  t he  study of a f  unction--de termining in te r -  

va l s  where i t  is  increasing, decreasing, or constant; 

determining zeros, d i scont inu i t ies ,  and asymptotes; 

searching for  symmetry and per iod ic  proper t ies ;  etc.--is 

usually undertaken with reference t o  a sketch of i ts  

geometric representation. 



Car t e s i a n  g r a p h s  a r e  u s e f u l  i n  communicating i n £  orma- 

t i o n  bu t  a r e  a l s o  powerfu l  a n a l y t i c a l  t o o l s  t h a t  can  be 

employed t o  s t u d y  complex phenomena ( E l k i n s  S Wockenfuss, 

1972;  French ,  1982;  J a n v i e r ,  1978;  S h i l o v ,  1 9 7 8 ) .  From them 

i t  is  p o s s i b l e  t o  d e r i v e  q u a l i t a t i v e  i n f o r m a t i o n  and t o  

draw i n f e r e n c e s  a b o u t  r e l a t i o n s h i p s  among v a r i a b l e s  a s  w e l l  

a s  s p e c i f i c  q u a n t i t a t i v e  d a t a .  

The wide  use of g r a p h s  i n  mathemat ics  i n s t r u c t i o n  may 

a l s o  p l a y  a  p o s i t i v e  r o l e  i n  t h e  development  and r e i n f o r c e -  

ment of many m a t h e m a t i c a l  c o n c e p t s  ( C h r i s t o p h e r ,  1982;  

Hamley, 1934;  s u l l i v a n  h O ' N e i l ,  1 9 8 0 ) .  A m a s t e r y  of t h e  

" l a n g u a g e  of g r a p h s n  i s  a n  i m p o r t a n t  b a s i s  f o r  t h e  s t u d y  of 

f u r t h e r  mathemat ics .  

A wide  c o n s e n s u s  seems t o  e x i s t  t h a t  t h e  u n d e r s t a n d i n g  

and  a p p r o p r i a t e  use  of i n f o r m a t i o n  conveyed i n  g r a p h i c a l  

form is  a n  i m p o r t a n t  o b j e c t i v e  f o r  mathemat ics  e d u c a t i o n  

( C o n f e r e n c e  Board  of  t h e  M a t h e m a t i c a l  S c i e n c e s ,  1982;  

G a l l a g h e r ,  1979;  H i l l ,  1980;  N a t i o n a l  C o u n c i l  of Super-  

v i s o r s  of  Mathemat ics ,  1978;  N a t i o n a l  C o u n c i l  of T e a c h e r s  
H 

o f  Mathemat ics ,  1980;  N a t i o n a l  I n s t i t u t e  of Educa t ion ,  

1975;  N a t i o n a l  S c i e n c e  Commission on  P r e c o l l e g e  E d u c a t i o n  

i n  Mathemat ics ,  S c i e n c e  and Technology,  1983;  Shuard  6 

N e i l ,  1978)  . 
Apply ing  t h e  c o n c e p t  of  f u n c t i o n  i n  more t h a n  t r i v i a l  

ways and r e a d i n g ,  c o n s t r u c t i n g ,  and i n t e r p r e t i n g  g r a p h s  

s h o u l d  be  r e g u l a r  a c t i v i t i e s  i n  m i d d l e  and h i g h  s c h o o l  

mathemat ics  i n s t r u c t i o n .  They s h o u l d  r e l a t e  and s u p p o r t  



t h e  development  of o t h e r  m a t h e m a t i c a l  t o p i c s .  B u t  t h e s e  

a c t i v i t i e s  r a r e l y  have been  c o h e r e n t l y  a d d r e s s e d  i n  s c h o o l  

programs ( B e l l  & J a n v i e r ,  1981;  J a n v i e r ,  1978;  McKenzie h 

P a d i l l a ,  1983;  S a l t i n s k i ,  1983;  S l a u g h t e r ,  1983) . 

S t u d e n t s '  D i f f i c u l t i e s  i n  Fun-c t iona l  Reasoning  

and Graph Comprehension 

S t u d e n t s  a r e  u s u a l l y  a b l e  t o  do some e l e m e n t a r y  

g r a p h i n g  t a s k s  w e l l ,  l i k e  f i n d i n g  maximum or  minimum v a l u e s  

o r  p l o t t i n g  p o i n t s  g i v e n  t h e i r  C a r t e s i a n  coo;d ina tes  

(Bamberger, 1942;  Bes tgen ,  1980;  C a r p e n t e r ,  L i n d q u i s t ,  

Mathews, & S i l v e r ,  1983;  L i n d q u i s t ,  C a r p e n t e r ,  S i l v e r ,  h 

Mathews, 1983;  McKenzie, 1984;  Riggs ,  1967;  Shaw, P a d i l l a ,  

& McKenzie, 1983;  S t r i c k l a n d ,  1938;  Thorp,  1933) . S t u d e n t s  

c a n  a l s o  e a s i l y  d e v e l o p  a  r e a s o n a b l e  p r o f i c i e n c y  i n  han- 

d l i n g  r o u t i n e  e x e r c i s e s  i n v o l v i n g  n u m e r i c a l  f u n c t i o n s  

( D r e y f u s  & E i s e n b e r g ,  1982;  Goldberg ,  1962/1975; S m i t h ,  

1973;  Thomas, 1 9 7 1 ,  1 9 7 5 ) .  These t a s k s  have  a  p r o c e d u r a l  

n a t u r e  i n  t h a t  p r e c i s e  d i r e c t i o n s  can be  e s t a b l i s h e d  t o  

e x e c u t e  them c o r r e c t l y .  

But s t u d e n t s '  pe r£  ormance on more complex t a s k s  t e n d s  

t o  be v e r y  u n s a t i s f a c t o r y .  S t u d e n t s  have  g r e a t  d i f f i c u l t y  

i n  r e l a t i n g  t h e  C a r t e s i a n  r e p r e s e n t a t i o n  of  s i m p l e  l i n e s  

and  c u r v e s  t o  t h e  c o r r e s p o n d i n g  a l g e b r a i c  e q u a t i o n s  a s  w e l l  

a s  i n  i n t e r p r e t i n g  t h e  q u a l i t a t i v e  i n f o r m a t i o n  i m p l i c i t  i n  

t h e  g r a p h s  ( B a r r ,  1 9 8 0 ,  1981;  B e s t g e n ,  1980;  C a r p e n t e r ,  



C o r b i t t ,  Kepner, L i n d q u i s t ,  & Reyes,  1981;  K e ~ s l a k e ,  1 9 7 7 ,  

1981;  Shaw, P a d i l l a ,  & NcKenzie, 1983;  W z g n e ~ ,  R a c h l i n ,  b 

J e n s e n ,  1984) o r  i n  u s i n g  a l l  t h e  r e l e v a n t  i n f o r m a t i o n  

g i v e n  t o  d i s c u s s  t h e  f e a t u r e s  of f u n c t i o n a l  r e l a t i o n s h i p s  

( J a n v i e r ,  1978: K a r p l u s ,  1979;  ~ a r k o v i t s ,  Eylon, & 

Bruckheimer,  1 9 8 3 ) .  Many s t u d e n t s  seem n o t  t o  have d e v e l -  

oped a n  a d e q u a t e  u n d e r s t a n d i n g  of  what  C a r t e s i a n  g r a p h s  

a r e ,  how t h e y  r e p r e s e n t  r e l a t i o n s h i p s  between v a r i a b l e s ,  

and what  i n £  o r m a t i o n  can  b e  d e r i v e d  f  rom them. Even a t  t h e  

c o l l e g e  l e v e l ,  s t u d e n t s  sometimes e x p e r i e n c e  d i f f i c u l t i e s  

i n  g raph  i n t e r p r e t a t i o n  (Konshak & Monk, 1976;  Vernon, 

1950) . 
T h i s  s i t u a t i o n  i s  h a r d l y  s u r p r i s i n g  i f  one r e c o g n i z e s  

t h a t  t h e  i n t e r p r e t a t i o n  o f  g r a p h s  and t h e  a p p l i c a t i o n  of  

t h e  c o n c e p t  of  f u n c t i o n  t o  r e a l  s i t u a t i o n s  and n a t u r a l  phe- 

nomena a r e  u s u a l l y  n e g l e c t e d  i n  mathemat ics  c l a s s e s .  L i k e  

most model ing  a c t i v i t i e s ,  t h e s e  complex t a s k s  do n o t  a d m i t  

s i m p l e  wel l -def  i n e d  p r o c e d u r a l  methods f o r  t h e i r  s o l u t i o n .  

I n s t e a d ,  t o  be worked o u t  s u c c e s s f u l l y ,  t h e y  r e q u i r e  a 

g l o b a l  u n d e r s t a n d i n g  of t h e  u n d e r l y i n g  s i t u a t i o n  and t h e  

use of a  v a r i e t y  of i n t u i t i o n s  and background knowledge. 

S t u d e n t s '  l e a r n i n g  e x p e r i e n c e s  i n  f u n c t i o n a l  r e a s o n i n g  

and i n  i n t e r p r e t i n g  g r a p h s  c o n s t i t u t e  a n  i m p o r t a n t  a r e a  of 

r e s e a r c h  i n  mathemat ics  e d u c a t i o n .  The p o s i t i v e  r e s u l t s  

o b t a i n e d  i n  t e a c h i n g  e l e m e n t a r y  and m i d d l e  s c h o o l  c h i l d r e n  

t h e  fundamenta l  p r i n c i p l e s  i n v o l v e d  i n  r e a d i n g  and con- 

s t r u c t i n g  s i m p l e  g r a p h s  and i n  h a n d l i n g  i n s t r u m e n t a l l y  



n u m e r i c a l  f u n c t i o n s  s h a r p l y  c o n t r a s t  w i t h  t h e  profound d i f -  

f i c u l t i e s  e x p e r i e n c e d  by h i g h  s c h o o l  and c o l l e g e  s t u d e n t s  

i n  s o l v i n g  more complex prob lems  i n v o l v i n g  g r a p h  i n t e r p r e -  

t a t i o n  and f u n c t i o n a l  r e a s o n i n g .  Mathematics  e d u c a t o r s  need 

t o  i d e n t i f y  what may c o n s t i t u t e  s u c c e s s f u l  l e a r n i n g  expe-  

r i e n c e s  t o  d e a l  w i t h  t h e  i n t e r p r e t a t i o n  of  complex g r a p h s .  

T h i s  r e s e a r c h  was c a r r i e d  o u t  i n  t h e  b e l i e f  t h a t  f u r t h e r  

i n v e s t i g a t i o n s  w e r e  needed on  s t u d e n t s '  a b i l i t i e s ,  concep- 

t i o n s ,  p r o c e s s e s ,  and d i f f i c u l t i e s  i n  t h i s  t o p i c .  



CHAPTER 2 

THEORETICAL FOUNDATIONS 

This chapter presents  a view of mathematical thinking 

processes t h a t  was developed t o  cons t i t u t e  the  general 

t heo re t i c a l  background of t he  study and reviews and 

discusses  closely re la ted  t heo r i e s  about thinking, 

understanding, imagery, and i n tu i t i on .  The chapter a l so  

descr ibes t he  framework developed t o  study funct ional  

reasoning and graph comprehension. 

Mathematical Thinking Processes 

Concepts and conceptual s t r uc tu re s  may be processed 

through step-by-step mental operat ions or i n  a more inte-  

grated manner. Mental operat ions may be of various types. 

This sec t ion  describes severa l  aspec ts  of conceptual opera- 

t i o n s  and a s s e r t s  t he  exis tence of th ree  fundamental kinds 

of reasoning processes i n  mathematics. 

DDeratfons U conceDtual structures. Some conceptual 

operat ions a r e  analogous t o  mathematical operations, where- 

a s  o thers  have no d i r ec t  counterpart  i n  mathematics. For 

example, r e l a t i ona l  operat ions include es tab l i sh ing  
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conceptual  s t r u c t u r e s  a r e  s t r o n g  and us ing them may be j u s t  

a  r o u t i n e  process.  

nathematical grocesses .  I t  i s  p o s s i b l e  t o  

d i s t i n g u i s h  t h r e e  fundamental kinds of reasoning i n  mathe- 

matics.  They may c o e x i s t  and i n t e r r e l a t e  i n  many problems, 

but neve r the le s s  t h e i r  r o l e  i s  almost always i d e n t i f i a b l e .  

Each kind of reasoning f u l f i l l s  a  d i f f e r e n t  purpose and may 

be most a p p r o p r i a t e  f o r  a  s p e c i f i c  kind of task .  They a re :  

1. Logical-deductive reasoning.  I t  i s  used i n  deduc- 

t i o n  and c o n s i s t s  mainly of arguments of t h e  " i f - then"  

form; i t  depends on p r o p o s i t i o n s  p rev ious ly  accepted and on 

t h e  e x p l o r a t i o n  of consequences of d e f i n i t i o n s .  Its s t e p s  

a r e  we l l  def ined,  and t h e  concep t s  manipulated a r e  ueua l ly  

f  a i  r l y  a b s t r a c t .  Logical-deductive reasoning is fundamental 

i n  t h e  p rocess  of v a l i d a t i n g  and o rgan iz ing  mathematical  

knowledge and was t h e  main f o c u s  of P i a g e t ' s  (1972; 

Inhe lde r  L P i a g e t ,  1955/1958) i n v e s t i g a t i o n s .  

2. Algor i thmic  reasoning.  I t  c o n s i s t s  of sequences of 

well-defined s t e p s  and is used t o  s o l v e  a  whole c l a s s  of 

s i m i l a r  problems. In  each s t e p  a  s i n g l e ,  wel l -def ined oper- 

a t i o n  i s  made, u s u a l l y  manipula t ing f a i r l y  concre te  con- 

c e p t s .  Algorithmic reasoning is  very  powerful  i n  s o l v i n g  

r o u t i n e  problems, a l though t h e  number of necessary  s t e p s  

may be very  l a rge .  This  form of reasoning has  been brought 

t o  prominence by t h e  development of computer sc i ence  

(Knuth, 1974) .  



g loba l -v i sua l  na tu re ,  whereas o t h e r s  a r e  mainly a n a l y t i c a l -  

verbal  (Skemp, 1971) .  Global -visual  symbols range from 

simple p i c t u r e s  of o b j e c t s  t o  complex r e p r e s e n t a t i o n s  i n  

maps and diagrams. Their  apprehension and i n t e r p r e t a t i o n  i s  

fundamentally a  h o l i s t i c  process .  Analyt ica l -verbal  symbols 

inc lude  t h e  spoken and w r i t t e n  words of common speech and I 

t h e  most common a l g e b r a i c  symbols. This  kind of symbolism I 

1 
is processed i n  a  s e q u e n t i a l  way (Pa iv io ,  1971).  

i 
These two kinds of symbols correspond t o  two modes of 

th inking.  The ope ra t ions  most used i n  g lobal -visual  rea- 

soning a r e  a s s o c i a t i o n ,  s u b s t i t u t i o n ,  and geometr ica l  

ope ra t ions .  Ana ly t i ca l -ve rba l  th ink ing  makes wider use of 

l o g i c a l ,  r e l a t i o n a l ,  and a r i t h m e t i c a l  opera t ions .  

Graph reading and graph i n t e r p r e t a t i o n  s h a r e  common 

f e a t u r e s  a s  v isual ly-based t a s k s .  But f o r  success fu l  han- 

d l ing '  they demand d i f f e r e n t  reasoning processes .  Graph 

reading'can be processed i n  a procedural  manner, t h a t  is, 

it is  p o s s i b l e  t o  s e t  f o r t h  a  s e t  of d i r e c t i o n s  t h a t  apply 1 
t o  whole c l a s s e s  of problems. Graph i n t e r p r e t a t i o n  has a  

more open-ended na tu re .  I t  r e q u i r e s  t h e  c r e a t i v e  involve- 

ment of a  l a r g e  number of concep tua l  s t r u c t u r e s  concerning 

t h e  s i t u a t i o n s  r ep resen ted .  Graph i n t e r p r e t a t i o n  has t o  be 

processed wi th  t h e  i n t e r v e n t i o n  of i n t u i t i v e  reasoning.  

The procedural  p e r s p e c t i v e  of mathematics he ld  by s o  

many s t u d e n t s  may p a r t i a l l y  e x p l a i n  why they tend t o  do 

r e l a t i v e l y  wel l  i n  t h e  s imple r  graph reading t a s k s  but  f i n d  



preoperational,  concrete operations, and formal operations. 

The f ac to r s  explaining the  development a r e  maturation, 

experience, soc ia l  transmission, and equi l ib ra t ion .  

Piaget distinguished two kinds of experience. Physical 

experience cons is t s  of act ion upon ob j ec t s  and leads by 

abs t rac t ion  t o  inferences about the  objects .  Logical- 

mathematical experience leads t o  t he  drawing of knowledge 

not from the ob jec ts  themselves but from ac t ions  performed 

with the  objects .  This knowledge concerns proper t ies  of 

ac t ions  on t he  ob jec t s  and not  propert ies  of the ob jec t s  

themselves. For Piaget  (1964a) mathematical deduction be- 

g ins  with logical-mathematical experience and i ts s u i t a b l e  

combination with symbolization. 

Piaget  (1964b) claimed t h a t  there  is  a close corre- 

spondence between t he  mathematical s t r uc tu re s  i den t i f i ed  by 

the  Bourbaki school and the  psychological s t rwctures  of 

human in te l l igence .  Piaget s tudied t he  psychological s t ruc-  

tu res  by formalizing t he  operat ions used by chi ldren and 

concluded t h a t  they were analogous t o  but much simpler than 

t he  mathematical s t ruc tures .  

The notion of operation played an important r o l e  i n  

t h i s  study, but it was used i n  a broader sense than t h a t  of 

Piaget. Some psychological operations were regarded a s  ana- 

logues of mathematical operations, but o thers  with no c lear  

mathematical counterpart  were considered a s  well. 



t o  s e l f - p e r p e t u a t i o n  becomes an o b s t a c l e  t o  adap ta t ion .  

This r e s i s t a n c e  may be very s t r o n g ,  e s p e c i a l l y  where t h e  

scheme p lays  a v i t a l  r o l e  f o r  t h e  i n d i v i d u a l .  

Mathematical concepts  n e i t h e r  e x i s t  nor can be l ea rned  

i n  i s o l a t i o n  from each o the r .  The no t ion  of conceptual  

s t r u c t u r e  i s  t h e r e f o r e  of g r e a t  importance i n  modeling 

mathematical  l ea rn ing .  I t  p layed a  major r o l e  i n  t h i s  

s tudy.  

Imagery 

Skemp (1971) r e f e r r e d  t o  two kinds of th inking,  based 

on two d i f f e r e n t  systems of symbolic r ep resen ta t ion .  I 

I 
Discurs ive-verbal  th ink ing  focuses  a t t e n t i o n  on only  one I 
p a r t  of a  scheme a t  a  time. T h i s  kind of th ink ing  is 

e s p e c i a l l y  s u i t e d  f o r  a n a l y t i c a l  t a sks .  Global-visual  

t h i n k i n g - i s  h o l i s t i c  and concerns  t h e  ways i n  which p a r t s  

r e l a t e  t o  each o t h e r  and t o  t h e  whole. Global -visual  

th ink ing  is  e s p e c i a l l y  s u i t e d  f o r  s y n t h e t i c  e n t e r p r i s e s .  

Skemp suggested  .a ~omplementa ry  r o l e  f o r  these  two forms of 

language systems, i n d i c a t i n g ,  however, t h a t  t h e  s o c i a l i z e d  

c h a r a c t e r  of our knowledge and our d i f f i c u l t y  i n  ex te rna l -  

i z i n g  images may have caused an imbalance i n  t h e  d e v e l o p  

ment of our a b i l i t y  t o  use t h e s e  two modes of th inking.  

I n  s tudy ing  t h e  r o l e  of v i s u a l  imagery P i a g e t  and 

Inhelder  (1971) concluded t h a t  images were subordinated  t o  

ope ra t ions .  B u t  they i n d i c a t e d  t h a t  images c o n s t i t u t e d  a  
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The d i s t i n c t i o n  between d i s c u r s i v e - v e r b a l  and 

g loba l -v i sua l  t h ink ing  p layed an impor t an t  r o l e  i n  t h i s  

s tudy  a s  it a s s e s s e d  how s u c c e s s f u l  s t u d e n t s  were i n  us ing  

both kinds of reasoning i n  g raph- re l a t ed  t a s k s .  Images were 

regarded a s  r e p r e s e n t i n g  concepts ,  on e q u a l  grounds wi th  

o t h e r  symbols, and s o  a l s o  a s  s u b j e c t  t o  manipula t ion  

through ope ra t ions .  

I n t u i t i o n  

According t o  F i schbe in  (1979, 1982) ou r  i n t e l l i g e n c e  

works by i n t e r r e l a t i n g  two modes of ope ra t ing :  t h e  i n t u i -  

t i v e  and t h e  l o g i c a l - a n a l y t i c a l .  A t  t h e  i n t u i t i v e  l e v e l  we 

th ink  i n  a  g l o b a l ,  p a r t l y  c o n ~ c i o u s  and p a r t l y  unconscious 

f a sh ion .  We do n o t  a t t empt  t o  make e x p l i c i t  a l l  t h e  con- 

c e p t s  and schemes t h a t  we a r e  using.  I n s t e a d ,  i n  s o l v i n g  a  

problem, f o r  example, we put  a l l  our c a p a b i l i t i e s  t o  work, 

hoping t h a t  t h e  d e s i r e d  connec t ions  of i d e a s  w i l l  result. 

I n t u i t i o n  i s  a g l o b a l  and compact form of knowledge wi th  a  

unique q u a l i t y  of s e l f - ev idence  t h a t  r e s u l t s  from. our a p  

prehens ion of t h e  s t r u c t u r e  of a  g iven  s i t u a t i o n .  

I n  F i s c h b e i n l e  view t h e  e s s e n t i a l  f e a t u r e  of l o g i c a l -  

c n a l y t i c a l  t h i n k i n g  i s  i t s  e x p l i c i t n e s s .  Log ica l - ana ly t i ca l  

t h ink ing  proceeds a t  t h e  consc ious  l e v e l  u s i n g  r e f i n e d  sym- 

b o l i c  media and can e a s i l y  be communicated. I t  has,  howev- 

e r ,  two e s s e n t i a l  shortcomings:  i t  proceeds  slowly,  and i t  

is n o t  o r i e n t e d  towards a c t i o n .  Also, l og ica l - ana ly  t i c a l  

t h ink ing  develops  r e l a t i v e l y  l a t e  i n  human beings. 



be a c h i e v e d  by combining two components ,  t h e  l o g i c a l  form 

of n e c e s s i t y  t h a t  is c h a r a c t e r i s t i c  of mathemat ica l  proof  

and t h e  i n t e r n a l  s t r u c t u r a l  form of n e c e s s i t y  t h a t  is 

c h a r a c t e r i s t i c  of i n t u i t i v e  a c c e p t a n c e .  

I n  s c h o o l  t h e  p r o c e s s  o f  r e f i n i n g  and  c o r r e c t i n g  o n e ' s  

i n t u i t i o n s  i s  u s u a l l y  d i s r e g a r d e d  o r  d r i v e n  i n  a  haphazard  

manner. F i s c h b e i n  (1973) p o i n t e d  o u t  t h a t  i n t u i t i o n s  a r e  

n o t  deve loped  by b l i n d  d r i l l  and p r a c t i c e  nor by explana-  

t i o n s  o r  s h o r t  l e a r n i n g  e x e r c i s e s .  He c l a i m e d  t h a t  t h e y  

"can  be  e l a b o r a t e d  o n l y  i n  t h e  f r a m e  of p r a c t i c a l  s i t u a -  

t i o n s  a s  a  r e s u l t  of t h e  p e r s o n a l  involvement  of t h e  l e a r n -  

e r  i n  s o l v i n g  g e n u i n e  prob lems  r a i s e d  by t h e s e  p r a c t i c a l  

s i t u a t i o n s "  (1982,  p. 1 2 ) .  An i m p o r t a n t  e l e m e n t  of t h i s  

p r o c e s s ,  a c c o r d i n g  t o  F i s c h b e i n ,  is  t h e  r e a s s e s s m e n t  by 

s t u d e n t s  of t h e  e l e m e n t s  o f  t h e i r  p r i m i t i v e  e x p e r i e n c e  i n  

t h e  l i , g h t  of t h e  framework p r o v i d e d  by a  r i g o r o u s  n a t h e -  

m a t i c a l  - i n t e r p r e t a t i o n .  

F i s c h b e i n  a s s e r t e d  t h a t  t e a c h i n g  may r e l a t e  t o  t h e  

s t u d e n t s '  i n i t i a l  i n t u i t i o n s  i n  one of  t h r e e  ways: ( a )  it 

may b e  i n  a c c o r d a n c e  w i t h  them, i n  which  c a s e  t h e r e  i s  

immediate  a c c e p t a n c e  and r e i n f o r c e m e n t ;  ( b )  it may b e  i n  

s h a r p  o p p o s i t i o n  t o  t h e  s t u d e n t s '  i n t u i t i o n s ,  i n  which c a s e  

i t  w i l l  be  r e j e c t e d  o r  i g n o r e d ;  ( c )  it may be  i n  some s e n s e  

" n e u t r a l , "  n e i t h e r  o p p o s i n g  n o r  f a v o r i n g  p r e v i o u s  i n t u i -  
m 
t i o n s .  I n  t h i s  l a s t  c a s e  t h e  i n t u i t i o n s  have  t o  be  d e v e l -  

oped and t r a n s f o r m e d  i n t o  a c q u i r e d  knowledge o r  e l s e  t h e y  

w i l l  remain p r e c a r i o u s  and  i n e f f e c t i v e .  The c a s e  of t o t a l  
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a well-defined way on the  value taken by another var iable .  

m r e f e r s  t o  a  wide spectrum of processes, 

including construct ing graphs and obtaining quan t i t a t i ve  

and qua l i t a t i ve  information from graphs. 

The framework through which s tudents '  a b i l i t y  t o  per- 

form tasks i n  funct ional  reasoning and graph comprehension 

was analysed has t h r ee  aspects :  (a)  graph reading, (b)  

graph construction, and (c)  graph in te rpre ta t ion .  Each of 

these aspects  i s  discussed i n  d e t a i l  below. 

readlna. Graph reading corresponds e s sen t i a l l y  

t o  t he  understanding and use of the bas ic  conventions and 

pr inc ip les  of the Cartesian representation. The focus is on 

t he  coordinates of s ing le  points.  Graph reading involves 

fo r  the most p a r t  procedural tasks, t h a t  is, tasks i n  which 

s tudents  can be ins t ruc ted  t o  follow a sequence of s t eps  

t ha t ,  i f  ca r r ied  out cor rec t ly ,  leads t o  t h e  desired goal. 

The graphs may be abs t rac t  or they may represent r e a l - l i f e  

s i tua t ions .  Spec i f ica l ly ,  graph reading r e f e r s  t o  tasks 

t h a t  may involve iden t i fy ing  t h e  coordinates of points ,  

indicat ing t he  value of a  functi-on corresponding t,o a given 

value of the abscissa,  ind ica t ing  t he  abscissa correspond- 

ing t o  a  given value of a  function, iden t i fy ing  t he  co- 

ordinates  of points  where t he  graphs of two funct ions 

i n t e r s ec t ,  and comparing t he  values of a  funct ion for  

d i s t i n c t  given abscissas .  

GX&I constructfon. Graph construct ion r e f e r s  t o  a  

wide range of tasks such as  iden t i fy ing  t h e  var iab les  
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problems. I t  may r e q u i r e  an e x t e n s i v e  use of i n t u i t i v e  

reasoning.  I t  c o n s t i t u t e s  t h e  most complex and f o r  t h e  

s t u d e n t s  t h e  most d i f f i c u l t  a s p e c t  of graph comprehension. 

I n t e r p r e t a t i o n  of v a r i a t i o n  i n  v a r i a t i o n  involves  no t ions  

r e l a t e d  t o  r a t e s  of change, such a s  f a s t  and slow change, 

l i n e a r  and non l inea r  change, cont inuous  and discont inuous  

change, smooth and nonsmooth change. Tasks address ing t h i s  

a s p e c t  of graph i n t e r p r e t a t i o n  may inc lude  comparing r a t e s  

of change, i d e n t i f y i n g  graphs  r e p r e s e n t i n g  complex p a t t e r n s  

of v a r i a t i o n ,  d e s c r i b i n g  f e a t u r e s  of a  s i t u a t i o n  repre-  

sen ted  by non l inea r  graphs,  and us ing c u r v i l i n e a r  i n t e r -  

p o l a t i o n  and e x t r a p o l a t i o n .  

These t h r e e  a s p e c t s  of graph comprehension--graph 

reading,  graph cons t ruc t ion ,  and graph i n t e r p r e t a t i o n - - a r e  

c e r t a i n l y  i n t e r r e l a t e d  a s  components of graphing a b i l i t y ,  

but thyy a r e  viewed i n  t h i s  framework a s  r e l a t i v e l y  inde- 

pendent processes .  Graph reading may be c a r r i e d  out  with 

l i t t l e  r e fe rence  t o  t h e  s i t u a t i o n a l  c o n t e x t ,  whereas graph 

c o n s t r u c t i o n  r e q u i r e s  t h e  s t u d e n t  t o  work from a  s i t u a t i o n  

t o  a  graph,and graph i n t e r p r e t a t i o n  r e q u i r e s  t h e  s t u d e n t  t o  

r e l a t e  f e a t u r e s  of t h e  graph t o  f e a t u r e s  of t h e  s i t u a t i o n .  

The i n t e r p r e t a t i o n  of v a r i a t i o n  i s  o r d i n a r i l y  processed 

us ing concepts  c l o s e l y  r e l a t e d  t o  t h e  s i t u a t i o n ,  whereas 

t h e  i n t e r p r e t a t i o n  of v a r i a t i o n  i n  v a r i a t i o n  i s  thought of 

a s  being processed us ing more a b s t r a c t  and e l abora ted  

concepts.  



CHAPTER 3 

REVIEW OF RESEARCH 

Severa l  s t u d i e s  concerning t h e  concept of f u n c t i o n  

have been undertaken s i n c e  t h e  mid-1960s' and s t u d i e s  

d e a l i n g  wi th  graph comprehension have been conducted s i n c e  

t h e  beginning of t h e  1920s. These s t u d i e s  covered a wide 

range of g rade  l e v e l s  from k inde rga r t en  through co l l ege .  

Reviews focus ing  on t h e  r e l a t i v e  ef f e c t i v n e s s  of d i f f e r e n t  

kinds of g r a p h i c a l  m a t e r i a l s  were provided by Mal ter  (1952) 

and Macdonald-Ross (1977). Using t h e  framework of t h i s  

s tudy,  t h e  p r e s e n t  chap te r  reviews r e s e a r c h  r e l a t e d  t o  

f u n c t i o n a l  reasoning and graph comprehension. 

Research on Funct ional  Reasoning 

The concept of f u n c t i o n  s t a r t e d  a t t r a c t i n g  a t t e n t i o n  

of r e s e a r c h e r s  i n  mathematics educa t ion  i n  t h e  l a t e  1960s 

and e a r l y  1970s. A dominant r e s e a r c h  paradigm a t  t h a t  time 

was t h e  s e a r c h  f o r  s t a g e s  i n  t h e  p rocess  of forming a con- 

cep t  (Andersen, 1971; Love l l ,  1971; Orton,  1970; P i a g e t ,  

Gr ize ,  Szeminska, & Bang, 1968; Thomas 1971,  1975) .  



were g r e a t e r  t h a n  had been commonly t h o u g h t  by mathemat ics  

e d u c a t o r s  ( H e r s c o v i c s ,  1982)  . 
More r e c e n t l y ,  a n o t h e r  s t r a n d  of r e s e a r c h  h a s  d e v e l -  

oped t h a t  is  aimed a t  t h e  i d e n t i f i c a t i o n  o f  s t u d e n t s '  a b i l -  

i t i e s  and  d i f f i c u l t i e s  i n  d e a l i n g  w i t h  f u n c t i o n s  and  a t  t h e  

s t u d y  of  s t u d e n t s '  c o n c e p t i o n s  and p s y c h o l o g i c a l  images of 

f u n c t i o n s .  

The f o l l o w i n g  p a g e s  r e v i e w  r e s u l t s ,  f i n d i n g s ,  and 

i m p l i c a t i o n s  t h a t  c a n  be drawn from t h e  s t u d i e s  r e g a r d i n g  

s t u d e n t s '  i d e a s  o f  v a r i a b l e s  and f u n c t i o n a l  dependence,  

v a r i a t i o n ,  and v a r i a t i o n  i n  v a r i a t i o n .  

I n  s i m p l e  r e a l - l i f e  c o n t e x t s  i n v o l v i n g  n a t u r a l  numbers 

and p r o p o r t i o n a l i t y ,  e l e m e n t a r y  s c h o o l  s t u d e n t s  d o  n o t  seem 

t o  have  d i f f i c u l t y  w i t h  the n o t i o n  of  t h e  u n i q u e n e s s  of  

images (Ricco,  1 9 8 2 )  . However, it a p p e a r s  t h a t  o l d e r  s t u -  

d e n t s  who a r e  t a u g h t  a b o u t  f u n c t i o n s  i n  a f o r m a l  way, j u s t  

emphas iz ing  a b s t r a c t '  c o r r e s p o n d e n c e s  and  d i s r e g a r d i n g  t h e  

s t i m u l a t i n g  r o l e  of t h e  u n d e r l y i n g  c o n t e x t s ,  may f a i l  t o  

u n d e r s t a n d  t h e  i d e a  of f u n c t i o n a l  dependence.  For example,  

Thomas (1971) was p u z z l e d  by h i s  o b s e r v a t i o n  t h a t  s t u d e n t s  

i n  t h e  Secondary  S c h o o l  Mathematics  C u r r i c u l u m  Improvement 

S t u d y  were a b l e  t o  h a n d l e  i n s t r u m e n t a l l y  r o u t i n e  e x e r c i s e s  

b u t  c o u l d  n o t  d i s t i n g u i s h  v e r y  s i m p l e  i n s t a n c e s  of  f unc- 

t i o n a l  and nonf u n c t i o n a l  r e l a t i o n s h i p s .  
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of t h e  meaning of t h e  term "dependence" i n  everyday lan- 

guage. 

Indeed, Bang (P iage t ,  Gr i ze ,  Szeminska, L Bang, 1968) 

sugges ted  t h a t  it was e a s i e r  f o r  young c h i l d r e n  t o  g r a s p  

f u n c t i o n a l  dependencies of a q u a l i t a t i v e  c h a r a c t e r  when 

these  dependencies r e l a t e d  t o  s i t u a t i o n s  invo lv ing  a causa l  

consequence. ~ u t  from t h i s  p r i m i t i v e  i d e a  of dependence, 

c h i l d r e n  s t i l l  seem t o  have a long way t o  go u n t i l  they  

e s t a b l i s h  wel l -def ined r u l e s  of c o v a r i a t i o n  between given 

v a r i a b l e s  and develop t h e  a b i l i t y  t o  use t h e s e  r u l e s  t o  

p r e d i c t  t h e  r e s u l t s  under new exper imenta l  cond i t ions .  

notion pf variable. Close ly  r e l a t e d  t o  t h e  d i f f i -  

c u l t i e s  t h a t  acmetimes e x i s t  w i th  t h e  n o t i o n  of dependence 

a r e  d i f f i c u l t i e s  w i th  t h e  n o t i o n  of v a r i a b l e .  Many young 

s t u d e n t s  of t e n  seem t o  l a c k  a workable concept of v a r i a b l e ,  

no t  going beyond t h e  no t ion  of "unknown" (Kuchemann, 1978, 

1981; Marnyanskii ,  1965/1975). Older s t u d e n t s  o f t e n  view a 

var iable- -as  d i d  18th-century  mathematicians--as something 

running through an un l imi t ed  number of v a l u e s  r a t h e r  than  

a s  a gene ra l  r e p r e s e n t a t i v e  of a g iven se t  (Marnyanskii, 

1965/1975). I n  word problems, c o l l e g e  s t u d e n t s  were found 

by Rosnick (1982) t o  f r e q u e n t l y  f a i l  t o  a s s i g n  v a r i a b l e s  t o  

wel l -def ined r e f e r e n t s ,  l e t t i n g  them i n s t e a d  r e p r e s e n t  an  

u n d i f f e r e n t i a t e d  conglomerate of meanings. 

A q u i t e  i n t e r e s t i n g  f e a t u r e  of s t u d e n t s '  t h ink ing  is 

t h a t  t hey  do n o t  seem t o  r e l a t e  i n  a spontaneous way t h e  

i d e a s  of v a r i a b l e  and s e t .  Marnyanskii  (1965/1975) found 



s t u d e n t s  handled t h e  s i t u a t i o n  i n  a poin twise  manner, 

r e f e r r i n g  t o  t h e  p o i n t s  wi th  i n t e g e r  a b s c i s s a s .  

I t  would appear  t h a t  t h e  no t ion  of f u n c t i o n a l  depen- 

dence is e s s e n t i a l l y  c o n s t r u c t e d  on t h e  b a s i s  of r e l a t i o n -  

s h i p s  imbedded i n  s i t u a t i o n a l  con tex t s .  Many of t hese  a r e  

commonly modeled us ing  cont inuous  v a r i a b l e s .  Therefore ,  t h e  

n a t u r e  of t h e  s t u d e n t s '  conceptual  d i f f i c u l t i e s  i n  handl ing  

such v a r i a b l e s  dese rves  c l o s e r  a t t e n t i o n .  

structure pf functional J k R a k M L  I f  some 

s t u d e n t s  i n i t i a l l y  exper ience  a number of d i f f  i c u l t i  e s  wi th  

t h e  i d e a  of dependence, many of them l a t e r  seem t o  adopt  

t h e  no t ion  of a we l l - r egu la t ed  dependence a s  t h e  essence  of 

t h e  concept of func t ion .  Research conducted by Wagner 

(1977, 1981) showed t h a t  many s t u d e n t s  were e a s i l y  mis led  

i n t o  e r r o r  by t h e  symbols used t o  r e p r e s e n t  t h e  v a r i a b l e s  

but  r e s o r t e d  f r e q u e n t l y  t o  a s t r a t e g y  of "searching-for-  

t he - ru l e"  a s  a way of coping wi th  u n f a m i l i a r  problems. 

Vinner (1983) showed t h a t  even when t a u g h t  an a b s t r a c t  

d e f i n i t i o n  of a f u n c t i o n ,  10 th -  and 11th-grade  s t u d e n t s  

worked hard  t o  f i n d  t h e  "aSgebra i c  r u l e s "  t h a t  would sup- 

posedly l e g i t i m i z e  some correspondences  a s  " t r u e  func- 

t i ons . "  For some s t u d e n t s  a f u n c t i o n  shou ld  correspond t o  

a s i n g l e  r u l e ,  but  o t h e r s  were w i l l i n g  t o  accep t  t h e  i d e a  

t h a t  a f u n c t i o n  cou ld  be d e f i n e d  by d i f f e r e n t  r u l e s  i n  

d i s t i n c t  p a r t s  of its domain. 

Even i n  mathemat ica l ly  more mature  s u b j e c t s  t h e  con- 

c e p t  image may be r a t h e r  d i s t i n c t  from t h e  concept 
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s tuden t  d i d  n o t  unders tand t h a t  t h e  v a l u e s  of a f u n c t i o n  

"could vary  only  with d i f f e r e n t  argument v a l u e s  [and t h a t 1  

t h e  va lues  of a f u n c t i o n  vary  depending on t h e  change i n  

t h e  va lues  of t h e  argument" (p. 150-151). J a n v i e r  (1978) 

a l s o  r epor t ed  t h a t  many s t u d e n t s  had d i f f i c u l t i e s  w i th  t h e  

concepts  of change, growth, and inc rease .  

Problems i n  adequa te ly  unders tanding t h e  n a t u r e  of 

v a r i a b l e s  may a l s o  i n t e r f e r e  wi th  t h e  n o t i o n  of v a r i a t i o n .  

For example, J a n v i e r  (1981) r e p o r t e d  t h a t  many s t u d e n t s  

i n d i c a t e d  a s  t h e  p o i n t  where a f u n c t i o n  s t a r t e d  i n c r e a s i n g  

no t  t h e  va lue  corresponding t o  t h e  minimum bu t  t h e  n e x t  

whole va lue .  Complex forms of v a r i a t i o n  may a l s o  d i s t u r b  

t h e  unders tanding of t h e  r e l e v a n t  v a r i a b l e s .  Lochhead 

(1980) noted  t h e  tendency t o  con£ use v a r i a b l e s  when a ra te  

of change was involved o r  when t h e r e  was i n t e r f e r e n c e  from 

p i c t o r i a l  t e p r e s e n t a t i  ons.  Trowbrf dge and HcDermott (1980,  

1981) showed t h a t  i n  t h e  i n t e r p r e t a t i o n  of phys i ca l  exper- 

iments  s t u d e n t s  e a s i l y  confuse  p o s i t i o n  and v e l o c i t y  o r  

v e l o c i t y  and a c c e l e r a t i o n .  
' 
Achfevement resulte. Kuchemann found test  items c c  

q u i r i n g  an  unders tanding of how t h e  v a l u e s  of a v a r i a b l e  

expres s ion  change t o  be r a t h e r  d i f f i c u l t ,  even f o r  15-year- 

o l d s  ( l e s s  than  1 0 1  c o r r e c t  r e s p o n s e s ) ,  and exceedingly  

d i f f i c u l t  f o r  younger s t u d e n t s .  

Sometimes s t u d e n t s  demonst ra te  some i n t u i t i v e  under- 

s t a n d i n g  of t h e  v a r i a t i o n  r e p r e s e n t e d  i n  a c e r t a i n  q u e s t i o n  

but cannot  e x p r e s s  it i n  a b s t r a c t  terms. For example, i n  a 
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i s  f o r  f u n c t i o n a l  reasoning is  l a i d  by 12 or 13 yea r s  of 

. However, d a t a  on s t u d e n t s '  achievement a l s o  sugges t  

t h a t  t h i s  p o t e n t i a l  may no t  be achieved i n  formal t a s k s  

t h a t  a r e  not  expe r imen ta l ly  based. Bang's r e sea rch  a l s o  

s u g g e s t s  t h a t  conceptual  problems i n  o t h e r  a r e a s  of math- 

ema t i c s  may hinder  f u n c t i o n a l  reasoning.  For example, i t  

seems l i k e l y  t h a t  a  working f a m i l i a r i t y  wi th  t h e  r a t i o n a l  

number system may be an impor t an t  p r e r e q u i s i t e  t o  handl ing  

s u c c e s s f u l l y  many f u n c t i o n a l  s i t u a t i o n s .  

Linearitv. Studen t s  seem t o  deve lop  and make wide use 

of a  conceptual  s t r u c t u r e  i n  which a l l  f u n c t i o n a l  r e l a t i o n -  

s h i p s  have a  l i n e a r  form, even when p resen ted  with o t h e r  

k inds  of f u n c t i o n s  du r ing  r e g u l a r  i n s t r u c t i o n .  I t  would 

appear  t h a t  l i n e a r  f u n c t i o n s ,  b e s i d e s  be ing  t h e  most widely 

used f u n c t i o n s  i n  mathematics and s c i e n c e  courses ,  con ta in  

an i n h e r e n t  . s i m p l i c i t y  t h a t  makes them ve ry  appeal ing  t o  

t h e  humah mind. 

Mar k o v i t s ,  Eylon, h Bruckheimer (1983) asked n i n t h  

g r a d e r s  t o  g i v e  examples of f u n c t i o n s  s a t i s f y i n g  c e r t a i n  

c o n s t r a i n t s  both i n  a l g e b r a i c  and g r a p h i c a l  r e p r e s e n t a t i o n s  

and i n  pu re  mathematical  and s c i e n t i f i c  con tex t s .  ~ o s t  of 

t h e  responses  were r e s t r i c t e d  t o  l i n e a r  (o r  piecewise l i n -  

e a r )  f u n c t i o n s ,  and many s t u d e n t s  d i d  n o t  recognize  t h a t  

non l inea r  f u n c t i o n s  could  a l s o  be s o l u t i o n s  t o  t h e  same 

problems. Markovits  e t  a l .  concluded t h a t  " s tuden t s  have a  

most ly  l i n e a r  image of f u n c t i o n s ,  which is n o t  i n f luenced ,  

e i t h e r  by t h e  type  of r e p r e s e n t a t i o n ,  o r  by the kind and by 
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reasoning and a l s o  has  a  s t r i k i n g  h i s t o r i c a l  analog.  Line- 

a r  v a r i a t i o n  and p r o p o r t i o n s  pervaded most a n c i e n t  and me- 

d i e v a l  mathematical thought and were t h e  embryonic form of 

f u n c t i o n a l  t h ink ing  t h a t  were f i n a l l y  extended t o  a  gen- 

e r a l  concept of f u n c t i o n  by 17th-  and 18th-century  mathe- 

mat ic ians .  

a rePresentations. Markovits ,  

Eylon and Bruckheimer (1983) i n d i c a t e d  t h a t  some s t u d e n t s ,  

when asked t o  g i v e  t h e i r  answers i n  a l g e b r a i c  terms,  t r ans -  

l a t e d  t h e  problems i n t o  a  g r a p h i c a l  form and used geomet- 

r i c a l  exp lana t ions  i n  t h e i r  answers. T h i s  response seems t o  

sugges t  t h a t  on some complex t a s k s  t h e  geometr ic  i n t u i t i o n ,  

a l though still  n o t  f u l l y  developed,  may a l r e a d y  be p l a y i n g  

a n  impor tant  r o l e  i n  t h e  development of t h e  reasoning of 

some s tuden t s .  

ConceDtual etructure pf variation. A s  soon a s  s t u d e n t s  

s t a r t  g ra sp ing  t h e  i d e a  of v a r i a t i o n ,  t h e y  have a common 

tendency t o  r ega rd  a s  f u n c t i o n s  on ly  t h i n g s  t h a t  va ry  

(Markovits ,  Eylon, h Bruckheimer, 1983; Marnyanskii ,  1965/ 

19751, i n  a  pers'pe_ctive r emin i scen t  of t h e  L e i b n i t z i a n  view 

of c o n s t a n t s  and v a r i a b l e s  a s  mutual ly  e x c l u s i v e  e n t i t i e s .  

However, most s t u d e n t s  appear  t o  n o t  have d i f f i c u l t y  i n  

adopt ing  l a t e r  a  more g e n e r a l  view ( a c c e p t i n g  c o n s t a n t  

f u n c t i o n s )  a s  a  n a t u r a l  g e n e r a l i z a t i o n  of t h e  p a t t e r n s  of 

l i n e a r  v a r i a t i o n .  

Goldberg's  (1962/1975) r e s e a r c h  seems t o  s u p p o r t  t h e  

idea  t h a t  t h e  s tudy  of l i n e a r  v a r i a t i o n  i n  an a l g e b r a i c  



3 8 

another  t h ing  t o  unders tand r e g u l a r i t i e s  t h a t  c o n s t i t u t e  

p a t t e r n s  of r a t e  of change. 

nf Trowbridge and McDermott (1980) re-  

po r t ed  t h a t  i t  was common f o r  s t u d e n t s  un t r a ined  i n  physics  

t o  view speed a s  an imprecise  a s s o c i a t i o n  between d i s t a n c e  

and t ime and n o t  a s  a r a t i o  between t h e s e  two q u a n t i t i e s .  

When t h e  concepts  involved were more a b s t r a c t ,  a s  i n  th ink-  

ing  of a c c e l e r a t i o n  a s  t h e  i n s t a n t a n e o u s  r a t e  of change of 

v e l o c i t y  with r e s p e c t  t o  time, Trowbridge and McDermott 

(1981) i n d i c a t e d  t h a t  t h e  conceptual  d i f f i c u l t i e s  expe r i -  

enced by t h e  s t u d e n t s  appeared  t o  be very  p e r s i s t e n t .  

Lochhead (1980) p o i n t e d  o u t  t h e  d i f f i c u l t i e s  t h a t  

c o l l e g e  s t u d e n t s  have i n  us ing  an a l g e b r a i c  concept of r a t e  

of change t o  s o l v e  word problems. He noted  t h a t  s t u d e n t s  

commonly confuse t h e  amount of a q u a n t i t y  with i ts r a t e  of 

change. The r e s e a r c h  of Trowbridge and McDernott (1980) 

a l s o  i l i u s t r a t e s  t h e  very  common tendency t o  confound 

amount and r a t e  i n  t h e  c o n t e x t  of s imple  k inemat ic  exper-  

iments.  

J a n v i e r  (1980) asked s t u d e n t s - f o r  t h e  g r e a t e s t  In- 

c r e a s e  of a f u n c t i o n  r ep resen ted  i n  a C a r t e s i a n  graph.  The 

s t u d e n t s  very  o f t e n  d i d  n o t  s e a r c h  f o r  t h e  p o i n t s  (or  

i n t e r v a l s )  with g r e a t e s t  s l o p e  but i n t e r p r e t e d  " l a r g e s t  

i n c r e a s e "  a s  "being l a r g e w  o r  a s  ' s t a r t i n g  t o  inc rease . "  

J anv ie r  a sc r ibed  t h e s e  i n c o r r e c t  responses  t o  a t t r a c t i o n  by 

h igh v a l u e s  ( t h a t  is, focus ing  on t h e  upper p a r t  of t h e  

cu rve )  o r  a t t r a c t i o n  by low va lues  ( focus ing  on t h e  lower 



again  and aga in  s t r i k i n g l y  suppor ted  by t h e  r e s e a r c h  on 

f u n c t i o n s ,  which has  been undertaken by r e s e a r c h e r s  us ing  

d i f f e r e n t  methodologies and working w i t h i n  d i f f e r e n t  theo- 

r e t i c a l  o r i e n t a t i o n s .  

The i n v e s t i g a t i o n s  c a r r i e d  o u t  by P i a g e t  and h i s  asso- 

c i a t e s  ( 1968 )  s u p p o r t  t h e  i d e a  t h a t  t h e  i n t u i t i v e  b a s i s  f o r  

d e a l i n g  wi th  f u n c t i o n s  invo lv ing  d i r e c t  and i n v e r s e  propor- 

t i o n a l i t y  may be developed i n  12-year-olds provided t h a t  

they  a r e  g iven adequate  p h y s i c a l  expe r i ences  upon which t o  

b u i l d  t h e  r e l e v a n t  concepts  r ega rd ing  t h e  v a r i a b l e s  and t h e  

r e l a t i o n s h i p s  involved.  The f a i l u r e  of many schoo l  programs 

t o  develop an unders tanding of such n o t i o n s  a t  t h i s  age  o r  

even a t  a l a t e r  age  may be found i n  t h e  conven t iona l  ways 

t h a t  s choo l s  t end  t o  operate--emphasizing a b s t r a c t  repre-  

s e n t a t i o n s ,  r o u t i n e  computations,  and t e a c h e r  t a l k ,  i n s t e a d  

of promoting a c t i v e  involvement of t h e   student^ i n  t h e  

c o n s t r u c t i o n ,  development, and a p p l i c a t i o n  of mathematical  

ideas .  

Go ldbe rgns  (1962/1975) t e a c h i n g  experiment seems t o  

sugges t  t h a t  s t u d e n t s n  unders tanding of t h e  no t ion  o f ,  

f u n c t i o n a l  dependence can be s t i m u l a t e d  by a mathemat ica l ly  

r i c h  founda t ion  t h a t  r e l a t e s  t o  t h e  conceptual  s t r u c t u r e s  

t h e  s t u d e n t s  have a l r e a d y  acqu i red  and t h a t  promotes t h e  

development of t h e i r  i n t u i t i o n s .  
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Graphs do n o t  seem t o  be a  d i f f i c u l t  s u b j e c t  t o  t e a c h  

e f f e c t i v e l y  a t  t h e  e l e m e n t a r y  and m i d d l e  s c h o o l  l e v e l s  

(Ramberger, 1942;  Herrmann, 1976;  J o h n s o n ,  1971;  McKenzie, 

1983;  Riggs ,  1976;  S t r i c k l a n d ,  1983 ; Thorp ,  1933) . However, 

t h e r e  i s  a  l a c k  of  c o n s e n s u s  a b o u t  t h e  g r a d e s  i n  which t o  

i n t r o d u c e  d i f f e r e n t  k i n d s  of g r a p h s .  The s t u d i e s  t h a t  have  

d e a l t  w i t h  r e l a t i v e  i n s t r u c t i o n a l  ef f e c t i v n e s s  and o p t i m a l  

g r a d e  p lacement  (Goetsh ,  1936;  Mathews, l 9 2 6  ; Thomas, 1933;  

Washburne, 1927a ,  1927b;  W r i g h t s t o n e ,  1936)  have r e p o r t e d  

c o n f l i c t i n g  r e s u l t s  f o r  t h e  most p a r t  ( M a l t e r ,  1 9 5 2 ) .  

Reviewing t h e s e  s t u d i e s ,  Wein t raub  (1967) s u g g e s t e d  a  "de- 

v e l o p m e n t a l  sequence"  t h a t  introduced--successively--plcto- 

g r a p h s ,  c i r c l e  g r a p h s ,  b a r  g r a p h s ,  and f i n a l l y  l i n e  g r a p h s ,  

w h e r e a s  Appel  (1973) recommended t h a t  a l l  t y p e s  o f  g r a p h s  

s h o u l d  b e  i n t r o d u c e d  a s  e a r l y  a s  k i n d e r g a r t e n .  

O!her s t u d i e s  compared d i f f e r e n t  f o r m s  of p r e s e n t a t i o n  

o f  d a t a  t o  a d u l t  a u d i e n c e s .  Q u e s t i o n s  i n v o l v i n g  q u a n t i  ta- 

t i v e  a s p e c t s  p roduced  lower  per formance  i n  g e n e r a l  when 

p r e s e n t e d  by means of l i n e  g r a p h s  t h a n  when p r e s e n t e d  by 

means of  t a b l e s  o r  o t h e r  t y p e s  of g r a p h s  (Car,ter,  ,19471 

C u l b e r t s o n  & Powers, 1959;  Vernon, 1 9 4 6 ) .  These s t u d i e s  

i n d i c a t e d  t h a t  i f  s p e c i f i c  v a l u e s  a r e  t o  b e  r e a d  by t h e  

s t u d e n t s  from l i n e  g r a p h s ,  d e a l i n g  w i t h  s c a l e s  and r e a d i n g  

a c c u r a c y  may be s e r i o u s  p rob lems .  Al though  t h e  p r e s e n c e  of 

c o o r d i n a t e  r u l i n g s  may be a  f a c t o r  i n  i n c r e a s i n g  a c c u r a c y ,  

d e n s e r  o r  wider  r u l i n g s  do n o t  seem t o  make much d i f f e r e n c e  

( C a r t e r ,  1947) . 



Line graphs a r e  the form of representat ion of data  

usually selected when the  purpose is t o  study complex 

trends. Indeed, Shutz (1961) found t h a t  perf ormance i n  

s i t ua t i ons  involving trends was be t t e r  with l i n e  graphs 

than with bar graphs. However, the  i n t e rp re t a t i on  of graphs 

has been found t o  be general ly  very d i f f i c u l t  for  most S tu -  

dents. Moderate t o  very low per£ ormance has cons is ten t ly  

been found on quest ions involving aspec ts  such as  choosing 

t he  appropriate graph t o  represent  a given s i t ua t i on ,  

describing re la t ionsh ips  between var iab les ,  i n t e r r e l a t i n g  

t he  information from several  graphs, and in te rpola t ing  and 

extrapolat ing information (Carpenter e t  a l . ,  1981; Janvier ,  

1978; Shaw, Padi l la ,  & MacKenzie,l983) . 
Janvier (1978) described graph i n t e rp re t a t i on  a s  a 

process of progressive in tegra t ion  of t he  various pieces of 

information conveyed by t he  graph with t he  s tudents1 back- 

ground knowledge of t he  s i t ua t i on .  In te rpre ta t ion ,  then, 

would consis t  of the  assoc ia t ion  of global  fea tures  of the 

graph with the f a c t s  of the  s i tua t ion .  He claimed t h a t  

verbal formulations played a c r i t i c a l  r o l e  i n  t he  processes 

of t rans la t ion  between t he  s i t u a t i o n s  and t he  graph, even 

when the  s tudent  worked from a diagram t o  t h e  graph. 

A major problem concerning t he  i n t e rp re t a t i on  of 

graphs seems t o  be posed by the  complexity of the s i tua-  

t ions  involved, including t he  nature of the  data  presented 
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r epor t ed  t h a t  i n  q u e s t i o n s  on d i s t ance / t ime  graphs,  which 

i n  England n o ~ m a l l y  r ece ive  some a t t e n t i o n  i n  most schools ,  

a  cons ide rab le  number of s t u d e n t s  had d i f f i c u l t i e s  when t h e  

qraph could be v i s u a l l y  mis leading.  J a n v i e r  (1978, 1979) 

i n d i c a t e d  t h a t  sometimes s t u d e n t s  mix t o g e t h e r  symbolic and 

p i c t o r i a l  i n t e r p r e t a t i o n s  of t h e  same graph.  

The i n t e r p r e t a t i o n  of graphs  t o  d e r i v e  s p e c i f i c  quan- 

ti t a t i v e  in fo rma t ion  a l s o  seems t o  pose s e r i o u s  problems. 

Ca r t e r  (1947) noted  t h a t  A i r  Force p i l o t s  and c o l l e g e  s t u -  

d e n t s  were very  slow and i n a c c u r a t e  i n  i n t e r p o l a t i o n  prob- 

lems. The r a t e  of change seems t o  pose ve ry  hard conceptual  

d i f f i c u l t i e s  f o r  many s t u d e n t s ,  who e a s i l y  confuse i n t e r -  

v a l s  of g r e a t e s t  i n c r e a s e  and i n t e r v a l s  of g r e a t e s t  va lue  

( Janv ie r ,  1978; B e l l  & J a n v i e r ,  1981) .  Comparisons of r a t e s  

of change a l s o  appear t o  p r e s e n t  problems t o  s t u d e n t s ,  

being more d i f f i c u l t  than r e a d i n g  o r  comparing s imple  

va lues  (berrmann, 1976; J a n v i e r ,  1978; P r i c e ,  Martuza, L 

Crouse, 1974) . 
Many s t u d e n t s  seem t o  c o n s i d e r  a graph a s  a mere 

sou rce  of poin twlse  informat ion .  Th i s  h a s  been found f o r  

middle schoo l  s t u d e n t s  ( J a n v i e r ,  1978) and f o r  c o l l e g e  s tu -  

d e n t s  (Ronshak & Monk, 1976) .  Besides,  s t u d e n t s  sometimes 

seem t o  have unexpected i d e a s  and misconcept ions  about  

graphs.  For e x m p l e ,  Karplus  (1979) r e p o r t e d  t h a t  some 

s t u d e n t s  cons ide red  t h a t  a graph r e p r e s e n t i n g  t h e  behavior 

of l i v i n g  organisms could  n o t  be  composed of s t r a i g h t  

l i n e s .  Other s t u d e n t s  thought  t h a t  s t r a i g h t  l i n e s  were 



misleading graphs .  Johnson (1971) ,  on t h e  o t h a t  hand, 

repor ted  c o r r e l a t i o n s  between graph reading and s p a t i a l  

a b i l i t y  from .43 t o  .45  and between graph reading and 

pe rcep tua l  speed from . 3 2  t o  . 5 4 .  

I t  appears  t h a t  t h e  p r o p o r t i o n  of t h e  va r i ance  i n  

s t u d e n t s '  graph comprehension t h a t  each of t h e  p rev ious  

v a r i a b l e s  accoun t s  f o r  is s i g n i f i c a n t  but  n o t  very  l a r g e .  

Conclusion 

Previous  r e s e a r c h  seems t o  i n d i c a t e  t h a t  t h e  funda- 

mental p r i n c i p l e s  involved i n  r ead ing  C a r t e s i a n  graphs  can 

indeed be l e a r n e d  by e lementary  and middle  schoo l  c h i l d r e n  

and a l s o  t h a t  a  d e f i c i e n t  unders tanding of t h e  geomet r i ca l  

r e p r e s e n t a t i o n  of r a t i o n a l  and r e a l  numbers may induce d i f -  

f i c u l t i e s  i n  hand l ing  con t inuous  v a r i a b l e s .  These d i f f i -  

c u l t i e s  become p a r t i c u l a r l y  e v i d e n t  i n  graph cons t r "c t ion  

t a sks .  

The i n t e r p r e t a t i o n  of graphs  seems t o  be  a  more com- 

p l e x  and d i f f i c u l t  ' p rocess  than  j u s t  r ead ing  graphs.  To t h e  

complexity of r e p r e s e n t i n g  p r o c e s s e s  of change is added t h e  

complexity of t h e  s i t u a t i o n s  involved.  S t u d e n t s  appear  t o  

use graphs  mainly  a s  a  sou rce  of poin twise  informat ion ,  

a l though sometimes they  view them i n  a  p i c t o r i a l  manner. 

A s  a  r e s u l t ,  t hey  tend t o  do ve ry  poor ly  i n  d e r i v i n g  both 

q u a l i t a t i v e  and q u a n t i t a t i v e  i n t e r p r e t i v e  in fo rma t ion  from 

graphs.  
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" i n t r i n s i c a l l y  a c c u r a t e , "  and  s o  t h e  b e s t  i n t e r p o l a t i o n  

s t r a t e g y  t o  use would a l w a y s  be  l i n e a r  i n t e r p o l a t i o n .  

Some i n v e s t i g a t o r s  s t u d i e d  t h e  c o r r e l a t i o n s  between 

a s p e c t s  of  g r a p h  comprehens ion  and c o g n i t i v e  v a r i a b l e s  such  

a s  g e n e r a l  i n t e l l i g e n c e ,  d e v e l o p m e n t a l  s t a g e ,  o r  a c h i e v e -  

ment v a r i a b l e s  s u c h  a s  a r i t h m e t i c  and r e a d i n g  a b i l i t y .  

Using I Q  t e s t s ,  C u l b e r t s o n  and Powers ( 1 9 5 9 ) ,  Herrnann 

(1976) , Johnson (1971) , and  R i g g s  (1976) r e p o r t e d  c o r r e l a -  

t i o n s  between g r a p h  r e a d i n g  a n d  g e n e r a l  i n t e l l i g e n c e  rang-  

i n g  from .43 t o  .62.  With i n s t r u m e n t s  t o  a s s e s s  l e v e l  of 

c o g n i t i v e  d e v e l o p n e n t ,  McKenzie (1984) a n d  P a d i l l a ,  Okey, 

and D i l l a s h a w  (1983) found  c o r r e l a t i o n s  between g r a p h i n g  

a b i l i t y  and d e v e l o p n e n t a l  s t a g e  r a n g i n g  from .36 t o  .77 .  

A r i t h m e t i c a l  o r  m a t h e m a t i c a l  a b i l i t y  is a l s o  c o r r e l a t e d  

w i t h  g r a p h  comprehension.  C u l b e r t s o n  and  Powers (195 9) , 
C u r c i o  ( l 9 8 2 ) ,  and Herrmann (1976) found  c o r r e l a t i o n s  

r a n g i n g  from .54 t o  .73. Reading  a b i l i t y  was found  by 

C u r c i o  ( l 9 8 2 ) ,  Herrmann (1976) , and J o h n s o n  (1971) t o  

c o r r e l a t e  between .60 and .70 w i t h  g r a p h  comprehension.  

The r e l a t i o n  of  g r a p h  comprehens ion  t o  s p a t i a l  a b i  l - 

i t i e s  is n o t  c l e a r .  K e r s l a k e  (1977) c l a i m e d  t h a t  s t u d e n t s  

who a r e  s t r o n g  v isua l izers  h a v e  more d i f f i c u l t y  t h a n  o t t t c r  

s t u d e n t s  i n  i n t e r p r e t i n g  some of  t h e  most  p o t e n t i a l l y  
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and t h e  concepts  and t e c h n i c a l  terms used  anvi vier, 1978; 

Konshak h Monk, 1976; Vernon, 1953) .  A s t u d e n t  may be a b l e  

t o  answer s p e c i f i c  q u e s t i o n s  about  a  graph,  but t h a t  f a c t  

does n o t  gua ran tee  a  g l o b a l  unders tanding of t h e  s i t u a t i o n  

(Vernon, 1950) .  Some f a m i l i a r i t y  with f e a t u r e s  of t h e  un- 

d e r l y i n g  s i t u a t i o n  may be a  d e c i s i v e  f a c t o r  i n  he lp ing  s t u -  

d e n t s  make c o r r e c t  i n t e r p r e t a t i o n s  ( J a n v i e r ,  1978) .  J a n v i e r  

(19781 B e l l  & Janv ie r ,  1980) a l s o  noted  t h e  pe r tu rb ing  in -  

f l u e n c e  of s i t u a t i o n a l  d i s t r a c t o r s  i n  t h e  process  of graph 

i n t e r p r e t a t i o n .  That  is, p rev ious  expe r i ence  with t h e  sit- 

u a t i o n  can i n t e r f e r e  wi th  t h e  i n t e r p r e t a t i o n  of a b s t r a c t  

f e a t u r e s  of a  graph.  

A number of o t h e r  i n v e s t i g a t o r s  have i d e n t i f i e d  d i f -  

f i c u l t i e s  i n  s e t t i n g  up a  correspondence between s i t u a t i o n s  

and graphs.  Woodward and Byrd (1984) r e l a t e d  how, i n  con- 

s t r u c t i n g  s t o r i e s  t o  e x p l a i n  graphs,  s t u d e n t s  o f t e n  d i s -  

regarded impor t an t  a s p e c t s  of t h e  graphs.  Lochhead (1983) 

i n d i c a t e d  t h e  d i f f i c u l t i e s  of c o l l e g e  s t u d e n t s  i n  i d e n t i f y -  

i ng  ve loc i ty / t ime  and a c c e l e r a t i o n / t i m e  graphs  d e s c r i b i n g  

s imple  motions. Karplus (1979) r epor t ed  t h a t  t h e  responses  

of many s t u d e n t s  t o  h i s  t a s k s  d i d  n o t  r e f l e c t  reasoning 

about  t h e  s i t u a t i o n  t h a t  had y i e l d e d  t h e  da t a .  Rather,  most 

s t u d e n t s  who a t t empted  a response  had fo l lowed some proce- 

d u r e  t h a t  t hey  supposedly r e c a l l e d  from t h e i r  c l a s s e s .  

S tuden t s  o f t e n  a t t empt  t o  use a  graph i n  a  very  d i r e c t  

manner a s  a  p i c t o r i a l  r e p r e s e n t a t i o n  of a  s i t u a t i o n  (Jan- 

v i e r ,  1978; Konshak h Monk, 1976) .  Kers lake  (1977, 1981) 



Wavering (1981,  1983) i n v e s t i g a t e d  t h e  t h o u g h t  

p r o c e s s e s  t h a t  m i d d l e  and h i g h  s c h o o l  s t u d e n t s  used  i n  

g r a p h i n g  d a t a .  Wavering s o u g h t  t o  v a l i d a t e  a  deve lopmenta l  

sequence  f o r  g r a p h i n g ,  i n v o l v i n g  ( a )  t h e  o r d e r i n g  of d a t a ,  

( b )  t h e  s c a l i n g  of t h e  a x e s ,  and ( c )  t h e  r e c o g n i t i o n  of a  

r e l a t i o n s h i p  from t h e  g r a p h e d  d a t a .  Some s t u d e n t s  were  

u n a b l e  t o  i d e n t i f y  a  r e l a t i o n  u n d e r l y i n g  g i v e n ' d a t a  j u s t  

because  of d i f f i c u l t i e s  i n  p l o t t i n g  t h e  p o l n t s ,  which i n  

some t a s k s  was q u i t e  a  demanding problem because  of a  l a r g e  

and u n u s u a l  r a n g e  of d a t a .  

An u n q u e s t i o n a b l e  f i n d i n g  o f  W a v e r i n g ' s  i n v e s t i g a t i o n s  

is t h a t  g r a p h  c o n s t r u c t i o n  may p o s e  q u i t e  s e r i o u s  p rob lems  

f o r  h i g h  s c h o o l  s t u d e n t s .  Shaw, P a d i l l a ,  and McKenzie 

(1983) a l s o  found  t h a t  c h o o s i n g  a p p r o p r i a t e  s c a l e s  was one 

of t h e  most  d i f f i c u l t  a s p e c t s  o f  a  t e s t  of  g r a p h  compe- 

t e n c e .  Coward (1981) r e p o r t e d  t h a t  many j u n i o r  c o l l e g e  

s t u d e n t s ,  a l t h o u g h  a b l e  t o  c o n s t r u c t  a c c e p t a b l e  s c a l e s  t o  

r e p r e s e n t  o r d e r e d  p a i r s ,  c o n s i d e r e d  t h i s  a n  awkward t a s k .  

The i m p l i c a t i o n s  of t h e  u s e  of g r a p h  paper  i n  t h e  

c o n s t r u c t i o n  o f  g r a p h s  was a d d r e s s e d  i n  W a v e r i n g ' s  (1983) 

s t u d y .  Graph paper  seemed t o  h e l p  m i d d l e  s c h o o l  s t u d e n t s  

o r d e r  d a t a  and s c a l e  a x e s  b u t  had  no e f f e c t  on t h e  

per formance  of h i g h  s c h o o l  s t u d e n t s .  



Research on Graph Comprehension 

Previous  r e s e a r c h  has i n v e s t i g a t e d  s e v e r a l  a s p e c t s  of 

graph reading,  c o n s t r u c t i o n ,  and i n t e r p r e t a t i o n .  Rela t ion-  

s h i p s  between perf  ormance on graph comprehension and 

c o g n i t i v e  a b i l i t i e s  o r  school  achievement have a l s o  been 

s t u d i e d  from a c o r r e l a t i o n a l  viewpoint .  

Working wi th  s imple  graphs  seems t o  be a s u i t a b l e  

a c t i v i t y  f o r  the e lementary  and middle school  l e v e l s .  A t  

some s t a g e  i n  t h e i r  c o g n i t i v e  developnent ,  young c h i l d r e n  

begin  t o  unders tand t h e  p r i n c i p l e s  of C a r t e s i a n  represen-  

t a t i o n  (P iage t ,  Inhe lde r ,  h Szeminska, 1960) .  

Reading g raphs  and p l o t t i n g  p o i n t s  have c o n s i s t e n t l y  

been i d e n t i f i e d  a s  t h e  a s p e c t s  of graph comprehension wi th  

t h e  h i g h e s t  l e v e l s  of success  (Bestgen,  1980; Carpenter  e t  

a l . ,  1981; Coward, 1981; Kers lake ,  1977,  1981; P r i c e ,  

MartU?za, 6 Crouse,  1974; Shaw, ~ a d i l l a ,  6 ~ c R e n z i e ,  1983) . 
However, d i f f i c u l t i e s  i n  d e a l i n g  wi th  s c a l e s  seem t o  t rou-  

b l e  i n  many high school  s t u d e n t s  and a d u l t s .  These d i f f i -  

c u l t i e s  a r e  probably  r e l a t e d  t o  a d e f i c i e n t  unders tanding 

of the systems of r a t i o n a l  and r e a l  numbers and t h e i r  

r e p r e s e n t a t i o n  on t h e  number l i n e  and appear  n o t  t o  be 

s u s c e p t i b l e  t o  e a s y  remediation (Su l l ivan ,  l982 ; Vergnaud 6 

Erreca lde ,  1980) .  



3 9 

p a r t  of t h e  c u r v e ) .  Furthermore,  Janvier  claimed thaL t l ~ c t c  

a t t r a c t i o n s  can be s t r o n g  o r  weak depending on whether the 

a t t e n t i o n  is d i r e c t e d  only  a t  t h e  very extremes or com- 

p r i s e s  an i n t e r v a l  from t h e  p o i n t  of l a r g e s t  i n c r e a s e  t o  

t h e  extremes. 

Smoothness. The n o t i o n  of smoothness is a s s o c i a t e d  

wi th  t h e  mathematical  i d e a s  of c o n t i n u i t y  and d i f f e r e n t i a -  

b i l i t y .  This  n o t i o n  and t h e  i d e a  t h a t  n a t u r a l  phenomena a r c  

o f t e n  desc r ibed  by smooth f u n c t i o n s  seem no t  t o  be grasped 

by many s t u d e n t s ,  even those  who have s t u d i e d  f u n c t i o n s  i n  

previous  mathematics cour ses  (Karplus,  197 9) . 
However, when t h e  n o t i o n  of smoothness i s  grasped,  it 

tends  t o  p l ay  an o v e r r i d i n g  r o l e .  I f  a  graph does n o t  look 

' s u f f i c i e n t l y  reasonable ,  * many s t u d e n t s  t h ink  t h a t  i t  

cannot  r e p r e s e n t  a f u n c t i o n  (Vinner,  1983) .  This  r e s i s t a n c e  

may be regarded a s  s i m i l a r  t o  t h a t  of many mathemat ic ians  

i n  t h e  p a s t  t o  t h e  i d e a  of d i scon t inuous  and nond i f f e ren -  

t i a b l e  f u n c t i o n s  a s  l e g i t i m a t e  mathematical  e n t i t i e s  and 

s u g g e s t s  t h a t  it is ano the r  n a t u r a l  s t e p  t h a t  s t u d e n t s  need 

t o  t a k e  i n  o rde r  t o  b u i l d  a  more gene ra l  and a b s t r a c t  con- 

c e p t  of func t ion .  

The i d e a  t h a t  t h e  d i f f i c u l t i e s  t h a t  s t u d e n t s  have t o  

overcome a r e  s i m i l a r  t o  t h e  d i f f i c u l t i e s  t h a t  t h e  g r e a t  

mathematicians exper ienced i n  t h e  p a s t  (Kl ine ,  1970) i s  
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s e t t i n g  may be appropriate  for  eighth graders,  despi te  the 

d i f f i c u l t i e s  t h a t  i t  presents.  J anv i e r ' s  (1978) study 

suggests t ha t  l i nea r  va r i a t i on  represented i n  tables  and 

graphs can a l s o  be understood by s tudents  a t  about the  same 

grade l eve l  and can be meaningfully integrated i n t o  a  sin- 

g l e  conceptual s t r uc tu re  for  l i n e a r  var ia t ion .  But an open 

quest ion i s  how r e s i s t a n t  t h e  s tudents '  f i xa t i on  on t he  

pa t te rn  of l i n e a r i t y  is and what experiences may lead them 

t o  construct  wider and more f l e x i b l e  conceptual s t ruc tures .  

Variat ion i n  var ia t ion ,  and i n  pa r t i cu l a r  the  r a t e  of 

change, seems t o  pose d i f f i c u l t  conceptual problems fo r  

many students.  This d i f f i c u l t y  is probably related t o  t he  

f a c t  t h a t  s tudents  appear t o  develop and make frequent use 

of a  conceptual s t r uc tu re  t h a t  r e f e r s  t o  a  constant form of 

var ia t ion ,  namely l i nea r  var ia t ion .  

Bang (Piaget,  Grize, Szeminska, 6 Bang, 1968) reported 

- t h a t  i n  very simple s i t u a t i o n s  some 12-year-olds (but not 

younger chi ldren)  were s ens i t i ve  t o  nonlinear var ia t ion .  

For example, some chi ldren rea l ized  t h a t  there  was a  

smaller difference between s t i c k s  1 0  and 25 cm long than 

between s t i cks  25 and 50 cm long. B u t  it is one thing t o  

grasp i r r e g u l a r i t i e s  i n  t he  va r i a t i on  t h a t  challenge the  

conceptual s t r uc tu re  of Ymiversal proport ional i ty , .  and 
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the number of cons t ra in t s ,  and a l s o  not by the context" (p .  

276). Karplus (1979) proposed t o  6th through 1 2 t h  graders  a  

s e r i e s  of "functional puzzlesw i n  which smooth nonlinear 

funct ions would be appropriate  models t o  use. Most s tudents  

showed e i t he r  a  complete absence of f ee l i ng  for  the prob- 

lems and guessed t h e  answers or used s t raightforward l i n e a r  

interpolat ions.  Only a  small minority ( l e s s  than 8% of 6 t h  

graders t o  l e s s  than 30% of the 12th graders)  used cu rv i l i -  

near in te rpola t ions .  

The predominance of a  conceptual s t r uc tu re  involving 

d i r ec t  proportional reasoning with a pos i t ive  constant of 

proport ional i ty  may be t raced i n  the  reac t ions  of some 

chi ldren pa r t i c ipa t i ng  i n  Bangle (Piaget,  Grize, Szeminska, 

& Bang, 1968) invest igat ions.  In  a  problem implying a  re- 

c iprocal  compensation of two quan t i t i e s  (an increase i n  one 

implying a  decrease i n  t h e  o ther ) ,  young chi ldren were una- 

b le  t o  grasp t he  r e l a t i onsh ip  and seemed f ixa ted  on t h e  

idea t h a t  l a rger  implies l a rge r  and smaller implies 

smaller. 

Lineari ty  appears t o  be, i n  some instances,  more than 

jus t  a  geometric reasoning pat tern.  For example, Wenger and 

Brooks (1984) indicated t h a t  a  high percentage of co l lege  

precalculus s tudents  tend t o  use the addi t ive  l i n e a r i t y  

property [f  (a+b) = f ( a )  + f  (b)] with nonlinear funct ions 

l i k e  the  power function. 

The ro l e  played by l inear  va r i a t i on  i n  s tudents '  con- 

ceptual s t r uc tu re s  is closely re la ted  t o  proportional 
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Nat ional  Assessment problem (Carpenter  e t  a l . ,  1981) i n  

which s t u d e n t s  were asked t o  f i n d  a  mis s ing  number i n  a  

t a b l e  according t o  a l i n e a r  p a t t e r n ,  only  35% of t h e  13- 

year-olds answered t h e  i tem c o r r e c t l y ;  on ly  3% were then 

a b l e  t o  expres s  t h e  r e l a t i o n s h i p  by an a l g e b r a i c  equat ion .  

I P h e i n t u i t i v e b a s i s f q l : f u n c t i o n a l r e a s o n i n q . T h e  

problems j u s t  desc r ibed  r e f e r  t o  f u n c t i o n s  a s  normally 

encountered  i n  a  school  s e t t i n g .  Working wi th  c h i l d r e n  i n  

t h e  c o n t e x t  of expe r imen ta t ion  wi th  s imple  m a t e r i a l s ,  Bang 

(P iage t ,  Grize,  Szeminska, & Bang, 1968) concluded t h a t  

b e f o r e  7 o r  8  y e a r s  of age  c h i l d r e n  do n o t  r e l a t e  t h e  r e l -  

evant  v a r i a b l e s  and do n o t  g r a s p  t h e  s e n s e  of t h e  v a r i -  

a t i o n .  Bang sugges ted  a  developmental sequence i n  which 

between 8 and 12 y e a r s  of age c h i l d r e n  become aware of t h e  

q u a l i t a t i v e  and q u a n t i t a t i v e  a s p e c t s  involved i n  s imple  

p rocesses  of v a r i a t i o n .  Ricco (1982) p re sen ted  e lementary  

schoo l  c h i l d r e n  s imple  p r o p o r t i o n a l i t y  t a s k s  i n  r e a l - l i f e  

con tex t s .  She noted  t h a t  f i r s t  t h e  s t u d e n t s  were a b l e  t o  

g r a s p  q u a l i t a t i v e  a s p e c t s  of t h e  r e l a t i o n s h i p s  involved 

(uniqueness  of t h e  images and m_onotonicity) , nex t .  t h e  s tu -  

d e n t s  used a d d i t i v e  s t r a t e g i e s  t o  f i n d  miss ing  images, and 

f i n a l l y  they i d e n t i f i e d  and used t h e  c o n s t a n t  m u l t i p l i c a -  

t i v e  coef f  i c i  en t .  

There i s  a  gap between t h e  r e s u l t s  ob ta ined  by a  pa- 

t i e n t  i n t e r a c t i o n  wi th  c h i l d r e n  on a  one-to-one b a s i s  and 

t h e  outcomes of t h e  p rocess  of r egu la r  school ing .  The s tud -  

i e s  by Bang and Ricco seem t o  sugges t  t h a t  t h e  i n t u i t i v e  
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d e f i n i t i o n .  Dreyfus  and V i n n e r  (1982) found t h a t  many m d t l i -  

e m a t i c s  t e a c h e r s  and  c o l l e g e  mathemat ics  m a j o r s  were a b l c  

t o  g i v e  formal  d e f i n i t i o n s  of a f u n c t i o n  bu t  i n d i c a t e d  L l i d t  

" t h e s e  concept  d e f i n i t i o n s  remained v e r y  o f t e n  i n a c t i v e  ~t 

d e c i s i o n  making moments when (sometimes wrong) c o n c e p t  

images took o v e r n  (p. 1 7 )  . 
These f i n d i n g s  s u p p o r t  t h e  view t h a t  f o r  most s t u d e n t s  

t h e  c o n s t r u c t i o n  o f  a c o n c e p t u a l  s t r u c t u r e  of f u n c t i o n a l  

dependence is r e l a t e d  much more t o  t h e  examples  t h a t  t h e s e  

s t u d e n t s  a r e  used  t o  work ing  w i t h  t h a n  t o  t h e  d e f i n i t i o n s  

t h a t  t h e y  a r e  g i v e n .  T h i s  c o n c e p t u a l  s t r u c t u r e ,  i n  which 

w e l l - r e g u l a t e d  f u n c t i o n a l  r u l e s  p l a y  a major  r o l e ,  a p p e a r s  

t o  be--as it was f o r  t h e  m a t h e m a t i c i a n s  who c o n t r i b u t e d  t o  

t h e  h i s t o r i c a l  deve lopment  of t h e  n o t i o n  of  f u n c t i o n - - a  

" n a t u r a l '  s t e p  i n  t h e  p r o c e s s  o f  b u i l d i n g  a more g e n e r a l  

c o n c e p t  where  t h e  emphas i s  is o n  t h e  c o r r e s p o n d e n c e s  ( o r  on 

t h e  o r d e r e d  p a i r s )  and n o t  on  t h e  r u l e s .  

Some s t u d e n t s  seem t o  be  uneasy  w i t h  t h e  i d e a  of v a r i -  

a t i o n .  They have d i f f i c u l t y  i n  d i s t i n g u i s h i n g  v a l u e  and 

v a r i a t i o n .  I n  G o l d b e r g ' s  words:  'No m a t t e r  what  and n o  mat- 

t e r  where  it o c c u r s ,  s t u d e n t s  i d e n t i f y  a p l u s  s i g n  w i t h  an  

i n c r e a s e  and a minus  s i g n  w i t h  a d e c r e a s e n  (p. 1 4 8 ) .  Such 

s t u d e n t s  t e n d  t o  f o c u s  o n  p a r t i c u l a r  v a l u e s  and d i s r e g a r d  

t h e  p r o c e s s  o f  v a r i a t i o n .  Goldberg  o b s e r v e d  t h a t  o f t e n  the  


















































































































































































































































